Abstract. Let L be a Lie algebra with its enveloping algebra U (L) over a field. In this paper we survey results concerning the isomorphism problem for enveloping algebras: given another Lie algebra H for which U (L) and U (H) are isomorphic as associative algebras, can we deduce that L and H are isomorphic Lie algebras? Over a field of positive characteristic we consider a similar problem for restricted Lie algebras, that is, given restricted Lie algebras L and H for which their restricted enveloping algebras are isomorphic as algebras, can we deduce that L and H are isomorphic?
Introduction
Let L be a Lie algebra with universal enveloping algebra U (L) over a filed F. Our aim in this paper is to survey the results concerning the isomorphism problem for enveloping algebras: given another Lie algebra H for which U (L) and U (H) are isomorphic as associative algebras, can we deduce that L and H are isomorphic Lie algebras? We can ask weaker questions in the sense that given U (L) ∼ = U (H), what invariants of L and H are the same? We say that a particular invariant of L is determined (by U (L)), if every Lie algebra H also possesses this invariant whenever U (L) and U (H) are isomorphic as associative algebras. For example, it is wellknown that the dimension of a finite-dimensional Lie algebra L is determined by U (L) since it coincides with the Gelfand-Kirillov dimension of U (L).
The closely related isomorphism problem for group rings asks: is every finite group G determined by its integral group ring ZG? A positive solution for the class of all nilpotent groups was given independently in [17] and [26] . There exist, however, a pair of non-isomorphic finite solvable groups of derived length 4 whose integral group rings are isomorphic (see [8] ).
In Section 3, we discuss identifications of certain Lie subalgebras associated to the augmentation ideal ω(L) of U (L). Let S be a Lie subalgebra of L. The identification of the subalgebras L ∩ ω n (L)ω m (S) naturally arises in the context of enveloping algebras.
In Section 4, we show that certain invariats of L are determined by U (L) including the nilpotence class of a nilpotent Lie algebra L. The results of this section motivate one to investigate the isomorphism problem in detail for low dimensional nilpotent Lie algebras. The isomorphism problem for nilpotent Lie algebras of dimension at most 6 is discussed in Section 5. It turns out that there exist counterexamples to the isomorphism problem in dimension 5 over a field of characteristic 2 and in dimension 6 over a field of characteristic 2 and 3. The conclusion is that as the dimension of L increases we have to exclude more fields of positive characteristic to avoid counterexamples. Indeed, if there is a pair of Lie algebras L and H that provides a counterexample over a field F then a central extension of L and H would provide a counterexample in a higher dimension over F. Furthermore, it is shown in Example 6.1 that over any field of positive characteristic p there exist non-isomorphic Lie algebras of dimension p + 3 whose enveloping algebras are isomorphic. So over any field of positive characteristic p and any integer n ≥ p + 3 there exists a pair of non-isomorphic Lie algebras of dimension n whose enveloping algebras are isomorphic.
These observations convince us to consider the isomorphism problem over a field of characteristic zero, however there are other invariants that we expect to be determined over any filed. Some of these questions are listed in Section 8.
Nevertheless, it makes sense to consider the isomorphism problem for restricted Lie algebras over a filed F of positive characteristic p. We denote the restricted enveloping algebra of a restricted Lie algebra L by u(L). Given another restricted Lie algebra H for which u(L) ∼ = u(H) as associative algebras, we ask what invariants of L and H are the same? For example, since dim F u(L) = p dim F L , the dimension of L is determined. Unlike abelian Lie algebras whose only invariant is their dimension, abelian restricted Lie algebras have more structure. As a first step, abelian restricted Lie algebras are considered in Section 6. Other known results for restricted Lie algebras are also discussed in Section 6.
In Section 7, we have collected the known results about the Hopf algebra structure of U (L) and u(L) deducing that the isomorphism problem is trivial if the Hopf algebra structures of U (L) or u(L) are considered. In this section an example is given showing that the enveloping algebra of a Lie superalgebra L may not necessary determine the dimension of L. As we mentioned earlier some open problems are discussed in Section 8.
Preliminaries
In this section we collect some basic definitions that can be found in [1] or [18] . Every associative algebra can be viewed as a Lie algebra under the natural Lie bracket [x, y] = xy − xy. In fact, every Lie algebra can be embedded into an associative algebra in a canonical way.
It is clear that if an enveloping algebra exists, then it is unique up to isomorphism. Its existence can be shown as follows. Let T (L) be the tensor algebra based on the vector space L, that is
The multiplication in T (L) is induced by concatenation which turns T (L) into an associative algebra. Now let I be the ideal of T (L) generated by all elements of the form
is the enveloping algebra of L. Furthermore, since ι is injective, we can regard L as a Lie subalgebra of U (L). In fact we can say more: This result is commonly referred to as the PBW Theorem. Let H be a subalgebra of L. It follows from the PBW Theorem that the extension of the Lie homomorphism H ֒→ L ֒→ U (L) to U (H) is an injective algebra homomorphism. So we can view U (H) as a subalgebra of U (L).
Next consider the augmentation map ε L : U (L) → F which is the unique algebra homomorphism induced by ε L (x) = 0 for every x ∈ L. The kernel of ε L is called the augmentation ideal of L and will be denoted by ω(L); thus,
The second term will be also denoted by
: L → L that satisfies the following properties for every x, y ∈ L and α ∈ F:
Every Associative algebra can be regarded as a restricted Lie algebra with the natural Lie bracket and exponentiation by p as the [p]-mapping: It is clear that if restricted enveloping algebras exist then they are unique up to an algebra isomorphism. Let I be the ideal of U (L) generated by all elements
The analogue of the PBW Theorem for restricted Lie algebras is due to Jacobson: An important consequence is that we may regard L as a restricted subalgebra of u(L). Thus, the p-map in L is usually denoted by x p . Let X be a subset of L. The restricted subalgebra generated by X in L, denoted by X p , is the smallest restricted subalgebra containing X. Also, X p j denotes the restricted subalgebra generated by all x
Fox-type problems
Let L be a Lie algebra and S a subalgebra of L over a field F. The identification of the subalgebras L ∩ ω n (L)ω m (S) naturally arises in the context of enveloping algebras. It is proved in [14, 16] 
, for every integer n ≥ 1. Furthermore, we have:
. Let S be a subalgebra of a Lie algebra L. The following statements hold for every integer n ≥ 1.
(
Hurley and Sehgal in [10] proved that if F is a free group and R a normal subgroup of F , then
for every positive integer n. The analogous result for Lie algebras is as follows:
. Let L be a Lie algebra and S a Lie subalgebra L. For every positive integer n, the following subalgebras of L coincide.
The motivation for this sort of problems also comes from its group ring counterpart. Let F be a free group, R a normal subgroup of F , and denote by r the kernel of the natural homomorphism ZF → Z(F/R). Recall that the augmentation ideal f of the integral group ring ZF is the kernel of the map ZF → Z induced by g → 1 for every g ∈ F . Fox introduced in [6] the problem of identifying the subgroup F ∩ (1 + f n r) in terms of R. Following Gupta's initial work on Fox's problem ( [7] ), Hurley ([9] ) and Yunus ([27] ) independently gave a complete solution to this problem.
At the same time Yunus considered the Fox problem for free Lie algebras. Let L be a free Lie algebra and R an ideal of L. Yunus in [28] identified the subalgebra L ∩ ω(R)ω n (L) in terms of R. The solutions to the Fox problem for free restricted Lie algebras is as follows.
where the first sum is over all tuples (i 1 , . . . , i k ), k ≥ 2, and non-negative integer j such that p
Let L be a restricted Lie algebra. The dimension subalgebras of L are defined by (
Theorem 3.4 ([15]). Let be a restricted Lie algebra. Then, for every
There is a close relationship between restricted Lie algebras and finite p-groups. Indeed, a variant of PBW Theorem was proved by Jennings in [11] and later extended in [23] . This analogue of PBW Theorem for group algebras proves to be a very useful tool as, for example, one can prove the following Fox-type results. Below, ω(G) denotes the augmentation ideal of the group algebra FG over a field F of positive characteristic p. 
Theorem 3.8 ( [23] ). Let G be a finite p-group. For every subgroup S of G and every positive integer n, we have
Powers of the augmentation ideal
Let L be a Lie algebra with universal enveloping algebra U (L). A first natural question is whether U (L) determines ω(L). The following lemma answers this question in the affirmative. Henceforth, ϕ : U (L) → U (H) denotes an algebra isomorphism that preserves the corresponding augmentation ideals. Since ϕ preserves ω(L), it also preserves the filtration of U (L) given by the powers of ω(L):
Corresponding to this filtration is the graded associative algebra
where the multiplication in gr(U (L)) is induced by
L). Certainly gr(U (L)) is determined by U (L). There is an analogous construction for Lie algebras. That is, one can consider the graded Lie algebra of L corresponding to its lower central series given by gr(L) =
. Indeed, this way we get a Lie algebra homomorphism from gr(L) into gr(U (L)) which induces an algebra map from U (gr(L)) to gr(U (L)). We have:
Theorem 4.2 ([16]). For any Lie algebra L, the map φ : U (gr(L)) → gr(U (L)) is an isomorphism of graded associative algebras.
Note that under the isomorphism φ given in Theorem 4.2, we have
Since gr(L) as a Lie algebra is generated by L/γ 2 (L), we deduce that φ(gr(L)) is the Lie subalgebra of gr(U (L)) genearted by ω(L)/ω 2 (L). Hence:
Corollary 4.3 ([16]). The graded Lie algebra gr(L) is determined by U (L).

Corollary 4.4 ([16]). For each pair of integers
A useful tool that is used to prove many of the results is as follows. Recall that the height of an element y ∈ L, ν(y), is the largest integer n such that y ∈ γ n (L) if n exists and is infinite if it does not. 
A Lie algebra L is called residually nilpotent if ∩ n≥1 γ n (L) = 0; analogously, an associative ideal I of U (L) is residually nilpotent whenever ∩ n≥1 I n = 0.
Theorem 4.6 ([16]). Let L be a Lie algebra. Then L is residually nilpotent as a Lie algebra if and only if ω(L) is residually nilpotent as an associative ideal.
We can now summarize the invariants of L that are determined by U (L). Part (8) of Theorem 4.7 over a field of characteristic zero was proved in [16] , however, according to [25] enveloping algebra of a finite-dimensional Lie algebra over any field can be embedded into a (Jacobson) radical algebra if and only if L is solvable.
Low dimensional nilpotent Lie algebras
Based on results for simple Lie algebras in [12] , it was shown in [4] that L is determined by U (L) in the case when L is any Lie algebra of dimension at most three over a field of any characteristic other than two.
In this section we focus on low dimensional nilpotent Lie algebras. A classification of such Lie algebra is well known and can be found, for instance, in [5] . Since there is a unique isomorphism class of nilpotent Lie algebras with dimension 1, and there is a unique such class with dimension 2, the isomorphism problem is trivial in these cases.
Up to isomorphism, there are two nilpotent Lie algebras with dimension 3 one of which is abelian and the other is non-abelian. By Part (3) of Theorem 4.7, their universal enveloping algebras must be non-isomorphic. The number of 4-dimensional nilpotent Lie algebras is 3. One of these algebras is abelian, the second has nilpotency class 2, and the third has nilpotency class 3. Again, by Part (3) of Theorem 4.7, their universal enveloping algebras are pairwise non-isomorphic.
A strategy for higher dimensions is as follows, which we have used for dimensions 5 and 6. For an arbitrary nilpotent Lie algebra L, we know, by Corollary 4.4, that the nilpotency sequence (dimγ 1 (L), dimγ 2 (L), . . .), after omitting the tailing zeros, is determined. So, nilpotent Lie algebras of the same finite dimension can be divided into smaller clusters where members of each cluster have the same nilpotency sequence. The investigation of the isomorphism problem then reduces to the Lie algebras in the same cluster. For example, there are 9 isomorphism classes of nilpotent Lie algebras with dimension 5 which can be found in [5] . The nilpotency sequence of a nilpotent Lie algebra of dimension 5 is then one of (5), (5, 1), (5, 2), (5, 2, 1), (5, 3, 1), (5, 3, 2, 1), (5, 3, 2, 1) . We can now summerize the results for dimensions 5 and 6 as follows: At the time when Theorem 5.2 was proved a complete list of nilpotent Lie algebras of dimension 6 over a field of characteristic 2 was not available. Recently, this list was obtained in [3] . Since, by Theorem 5.1, 5 ) over a filed of characteristic 2, then it is evident that setting L = L 5,3 ⊕ F and H = L 5,5 ⊕ F provides a pair of non-isomorphic nilpotent Lie algebras of dimension 6 such that U (L) ∼ = U (H) over a field of characteristic 2.
Positive characteristic and restricted Lie algebras
The results of Section 5, show in particular that over a field of characteristic 2 or 3 there exist non-isomorphic nilpotent Lie algebras L and H such that U (L) ∼ = U (H), thereby providing counterexamples at least in low dimensions. However, the following example provides counterexamples over any field of positive characteristic p and dimension p + 3. So, the isomorphism problem for enveloping algebras of nilpotent Lie algebras has a negative solution over any field of positive characteristic. Another counterexample can be given in the class of free Lie algebras based on [13, Theorem 28.10] . Recall that the universal enveloping algebra of the free Lie algebra L(X) on a set X is the free associative algebra A(X) on X.
Example 6.2 ([16] ). Let F be a field of odd characteristic p and let L(X) be the free Lie algebra on X = {x, y, z} over F.
and put L = L(X)/ h , where h denotes the ideal generated by h in L(X). Then we have (1) L is not a free Lie algebra. (2) There exists a Hopf algebra isomorphism between U (L) and the 2-generator free associative algebra. (3) The minimal number of generators required to generate L is 3.
When the underlying field has positive characteristic, it seems natural to consider the isomorphism problem for restricted Lie algebras, instead.
6.1. Restricted isomorphism problem. Let L be a restricted Lie algebra with the restricted enveloping algebra u(L) over a field F of positive characteristic p. Let ω(L) denote the augmentation ideal of u(L) which is the kernel of the augmentation map ǫ L : u(L) → F induced by x → 0, for every x ∈ L. Let H be another restricted Lie algebra such that ϕ : u(L) → u(H) is an algebra isomorphism. We observe that the map η : L → u(H) defined by η = ϕ − ε H ϕ is a restricted Lie algebra homomorphism. Hence, η extends to an algebra homomorphism η : u(L) → u(H). In fact, η is an isomorphism that preserves the augmentation ideals, that is η(ω(L)) = ω(H). So, without loss of generality, we assume that ϕ : u(L) → u(H) is an algebra isomorphism that preserves the augmentation ideals.
Note that the role of lower central series in Lie algebras is played by the dimension subalgebras in restricted Lie algebras. Recall from Theorem 3.4 that the n-th dimension subalgebra of L is
Now, consider the graded restricted Lie algebra:
where the Lie bracket and the p-map are defined over homogeneous elements and then extended linearley:
. In close analogy with Theorem 4.2, one can see that u(gr(L)) ∼ = gr(u(L)) as algebras. So we may identify gr(L) as the graded restricted Lie subalgebra of gr(u(L)) generated by
Recall that L is said to be in the class F p if L is finite-dimensional and pnilpotent. Whether or not L ∈ F p is determined by the following lemma, see [15] .
We remark that methods of [15] and [16] can be adapted to prove that the quotients
Unlike the isomorphism problem in which abelian Lie algebras are determined by their enveloping algebras, the abelian case for the restricted isomorphism problem is not trivial. Note that if L is an abelian restricted Lie algebra then the p-map reduces to (x + y)
for every x, y ∈ L and α ∈ F. Thus the p-map is a semi-linear transformation. Since L is not abelian, we have 1 ≤ r ≤ n and 1 ≤ s ≤ n − 1.
Theorem 6.12 ([21] ). Let L ∈ F p be a metacyclic restricted Lie algebra over a perfect field of positive characteristic. Then L is determined by u(L).
Other observations
Because enveloping algebras are Hopf algebras, it also makes sense to consider an enriched form of the isomorphism problem that takes this Hopf structure into account. 
